We derive a general expression for the deformation-gradient tensor by invoking the standard definition of a gradient of a vector field in curvilinear coordinates. This expression shows the connection between the standard definition of a gradient of a vector field and the deformation gradient tensor in continuum mechanics. We illustrate its application in the context of problems discussed by Ogden [1997].
Gradient of vector field
Let us consider a gradient of a vector field in the curvilinear coordinates in R 3 ,
where x is a point in space R 3 . If we write v = 3 k=1 v k g k (x) , expression (1) becomes
Since
where Γ m kj is the Christoffel symbol, expression (2) can be rewritten as
Exchanging in the second term the summation indices, m and k , we obtain
Expression (4) is known and appears, for instance, in Ogden [1997, p. 60] .
Deformation-gradient tensor
In the absence of mechanical loads, a body occupies a configuration, B r , whose boundaries are ∂B r . Herein, r denotes the reference configuration. Upon application of a load, the configuration of the body changes; the new configuration, which is referred to as the current one, is denoted by B , and its boundary by ∂B . The material points-in the reference and the current configurations-are denoted by the corresponding position vectors, X and v , respectively. Deformation is described by the vector function χ such that v = χ(X). Deformation gradient tensor, as a two-point tensor, is defined by
Examining expressions (1) and (5), we see that the former can be viewed as the gradient of a vector field, v , in B . In a manner analogous to the one presented in Section 1, we write
which, following the chain rule, becomes
Using expression (3), we write
Exchanging in the second term the summation indices, d and k , we write
This is the sought expression of the deformation gradient, which is a twopoint tensor. It is a two-point counterpart of expression (4). In expressions (5) and (6), a position vector, v , and a point, x , constitute the same entity, namely, a material point in the current configuration. Nonetheless, it is preferable to make a distinction in notation. Otherwise, a contravariant component, v k , may be confused with a curvilinear coordinate x k . For instance, in spherical coordinates, x , which is expressed in terms of x 1 = r , x 2 = θ and x 3 = φ , can be identified in terms of a single component, v = r e r , with respect to the basis vector, g 1 = e r , since e r depends on both θ and φ . Thus, for a given point in space, there is no direct correspondence between the curvilinear coordinates and the components of the position vector. In contrast, in expression (7), v and x refer to distinct entities.
In expression (6), ∂v k /∂X j is a partial derivative of a contravariant component, v k , with respect to X j in the reference configuration; ∂x m /∂X j is partial derivative of a coordinate, x m , of a material point in the current configuration, with respect to its curvilinear coordinate X j in the reference configuration. Application of expression (6) to specific problems is illustrated in Section 3.
In contrast to expressions (5) and (6), where v represents the position of a material point in the current configuration, let us consider the vector field, v , in the current configuration, with the positions of material points depending on positions in the reference configuration. In such a case, expression (6) becomes
3 Specific cases
Let us apply expression (6) to various deformations, and obtain the corresponding deformation gradient tensors.
Spherical symmetry
Let us consider the problem of inflation of a thick-walled spherical shell, described in Ogden [1997, p. 116] . Spherically symmetric deformation is
where R = X . Since in the reference configuration
where, due to the nature of deformation under consideration, E R ≡ e r . Therefore, such a deformation can be described in terms of spherical coordinatesin the reference and current configurations-by using
For incompressible materials f (R) has a specific form Slawinski [2018, p. 371] . In expression (9) the components of v are stated in terms of spherical coordinates; in expression (6) the components of v are stated with respect to the curvilinear basis, g k (x) , k ∈ {1, 2, 3} . Therefore, we use connections
Herein, due to expression (9), we have v 1 = v r = r = f (R) R ; the other components are zero. For spherical coordinates the only nonzero Christoffel symbols are 
It follows that
Also,
Using expressions (10)-(20) in expression (6), we obtain
Cylindrical symmetry
Let us consider three examples that involve a cylindrical symmetry. To use expression (6), we invoke
The only nonzero Christoffel symbols are
Furthermore,
Example 1. Let us consider the problem of combined extension and torsion of a cylinder, described by Ogden [1997, p. 112] . In the reference configuration, a cylindrical body can be described in terms of cylindrical coordinates (R, θ, Z) by inequalities
where A and L are the radius and the length of the cylinder. The cylindrical body is extended uniformly so that in terms of cylindrical coordinates it can be described as
where ℓ is the length in the current configuration, given by ℓ = λL , and a is the radius in the current configuration, given by a = λ −1/2 A . The deformation is described by
Then the plane face at z = ℓ is rotated, while the face at z = 0 remains fixed. The rotating planes remain normal to the axis of the cylinder. Radius r is rotated by the angle τ z, where τ represents the twist per unit length of z in the deformed configuration.
The total deformation is given by
The position vector in the reference and current configurations can be written as
Substitution of expressions (21)- (31) into expression (6) results in
This expression can be decomposed into a local rotation, simple extension and a simple shear [Ogden, 1997, p. 113] . Let us comment on components of tensor (32). Entry 11 of its matrix expression is ∂v
Example 2. Let us consider the combination of axial shear and torsion of a cylindrical tube defined by expressions
given in Ogden [1997, p. 117] . Thus, the position vector in the current configuration is
According to expression (6),
Since the position vector, v , is expressed with respect to e r and e z , we can write expression (6) in terms of cylindrical coordinates and proceed as follows. Inserting expressions (28)-(30) into expression (5), we obtain
where ∂v ∂R = e r + r ∂e r ∂θ
Hence, inserting expressions (35)-(37) into expression (34) results in expression (33). If we insert expressions (18)- (20) into expression (5), we obtain an expression, which may be used for problems with a spherical symmetry
Example 3. Let us consider a combined axial and azimuthal shear of a circular tube, discussed by Ogden [1997, p. 115] . This type of deformation is defined by
The position vector in the current configuration is v = r e r + [Z + ω(R)] e z .
Thus, application of expression (6) results in Gradv = e r ⊗ E R + e θ ⊗ E Θ +e z ⊗ E Z + rφ ′ (R)e θ ⊗ E R + ω ′ (R)e z ⊗ E R .
This expression can be decomposed into local simple shears and a rotation Ogden [1997, p. 116] ). In cylindrical coordinates only two components are required to state a position vector. They are expressed with respect to e r and e z in the current configuration and with respect to E r and E z in the reference configuration.
In spherical coordinates only one component is required to state a position vector. It is expressed with respect to e r in the current configuration and with respect to E r in the reference configuration.
For a general vector field, however, the three components are required with respect to corresponding basis vectors in cylindrical and spherical coordinates.
